Abstract. We show that a semisimple overconvergent "absolutely unit-root" F -isocrystal on a geometrically connected smooth variety over a finite field becomes constant over a finite covering.
Introduction
We will study overconvergent unit-root F -isocrystals on a smooth variety over a finite field. We first state a result for projective smooth curves, using p-adic representations of theétale fundamental group.
Let X be a geometrically connected projective smooth curve over a finite field F q of characteristic p. We will write F q for an algebraic closure of F q , and G Fq for the absolute Galois group of F q . Then, we have the following exact sequence of fundamental groups:
It is a well-known consequence of class field theory that the image of the geometric fundamental group π 1 (X F q ) in the abelianization π 1 (X) ab is finite. We consider a p-adic non-abelian version by using the Langlands program ( [Laf02] and [Abe13] ). For this, we need to introduce a condition on Frobenius eigenvalues. Let ρ be a continuous finite dimensional Q p -representation of π 1 (X). For any closed point x of X, we shall consider Forbenius eigenvalues of geometric Frobenius at x. If ρ is irreducible with finite determinant, ρ is absolutely unit-root if the following holds; for any Frobenius eigenvalue λ, which is known to be an algebraic number, and any ring homomorphism ι : Q p → Q p , ι(λ) is a p-adic unit. We say that ρ is absolutely unit-root if any irreducible constitute ρ ′ of ρ has an absolutely unit-root twist ρ ′ ⊗ χ for some character χ.
Proposition 1.1. Let X be a geometrically connected projective smooth curve over F q and ρ a continuous finite dimensional Q p -representation of π 1 (X). Suppose ρ is absolutely unit-root. If ρ is either semisimple or any irreducible constitute of ρ has the determinant of finite order, then the image of π 1 (X Fq ) under ρ is finite. In other words, ρ factors through G Fq after replacing X and F q by finiteétale coverings.
If ρ is semisimple and any irreducible constitute of ρ ⊗ Q p has the determinant of finite order, the whole action of π 1 (X) factors through a finite quotient.
This is an analogue of the unramified Fontaine-Mazur conjecture in the number field case ([FM95, Conjecture 5a] and [KW03] ). Some assumption for a nonsemisimple ρ is necessary, see Example 3.5. Proposition 1.1 can be generalized to smooth varieties. We prefer to state such a generalization in terms of overconvergent F -isocrystals as follows.
We let X be a smooth variety over F q . As we recall in Section 2, a p-adic representation of π 1 (X) corresponds to a unit-root (convergent) F -isocrystal on X. For a non-proper X, one should put a condition at infinity to generalize Proposition 1.1, and a suitable notion is an overconvergent unit-root F -isocrystal on X. Let F -Overconv(X/Q p )
• denote the category of overconvergent unit-root F -isocrystals on X with coefficients in Q p .
We define a notion of overconvergent absolutely unit-root F -isocrystal in the same way as absolutely unit-root representations. See Definition 2.1 for details. If M is the p-adic realization of a "pure motive" over X with coefficients in Q, unit-root would imply absolutely unit-root but this is not the case in general, see Example 2.2.
We say that an F -isocrystal is constant if it is the pullback of an F -isocrystal on a finite field. Then, our goal in this paper is to prove the following theorem: Theorem 1.2. Let X be a geometrically connected smooth variety over F q and M an object of F -Overconv(X/Q p )
• . Suppose M is absolutely unit-root. If M is either semisimple as an overconvergent F -isocrystal or any irreducible constitute of M has the determinant of finite order, then M is isotrivial, i.e., becomes constant over a finiteétale covering of X.
If M is semisimple and any irreducible constitute of M has the determinant of finite order, M becomes trivial after a finiteétale covering.
An ℓ-adic version of the theorem is discussed in Remark 4.1 below. Another related ℓ-adic statement is the de Jong conjecture [dJ01] .
If X is projective, (a p-adic representation version of) Theorem 1.2 follows from Proposition 1.1 by considering hyperplane sections. The general case can be reduced to the projective case as a p-adic representation corresponding to M is known to be potentially unramified, see Section 2.
After a preparation in Section 2, we prove Prposition 1.1 in Section 3, and Theorem 1.2 in Section 4.
Preliminaries
We will review relations between F -isocrystals and p-adic representations of fundamental groups. In particular, we explain why Theorem 1.2 generalizes Proposition 1.1. Let X be a smooth variety over F q . We first review a unit-root F -crystal M on X relative to W . It is a sheaf on the crystalline site (X/W ) crys whose values are locally free of finite rank, and it is equipped with an isomorphism ϕ
Here ϕ denotes a power of the absolute Frobenius of X defined by the q-th power. We write F -Crys(X/W )
• for the category of unit-root F -crystals. Recall also that there is a notion of unit-root convergent
It can be regarded as a sheaf M on the category of enlargements whose values are locally free of finite rank, and equipped with an isomorphism ϕ * M ∼ = −→ M , which is fiberwise unit-root as an F -isocrystal on a point. We write F -Conv(X/K)
• for the category of unit-root convergent F -isocrystals. By [Cre87, 2.1. Theorem and 2.2. Theorem], there is an equivalence of categories
Further recall a notion of unit-root overconvergent("=overconvergent unit-root" as below) F -isocrystals (relative to K) as defined in [Cre87, Section 1], for instance. We will not recall the definition, but we mention that there is a natural (sort of forgetful) functor
where These categories of F -isocrystals we defined are K-linear categories, and we may extend the scalars to a fixed algebraic closure Q p of Q p , cf. [Abe13] . The category of unit-root overconvergent (resp. convergent) F -isocrystals with Q p -structure will be denoted by F -Overconv(X/Q p )
• (resp. F -Conv(X/Q p ) • ). We shall explain the relations to representations of π 1 (X). Let Rep W (Fq) (π 1 (X)) denote the category of continuous finite free W (F q )-representations of π 1 (X) and Rep Q p (π 1 (X)) the category of continuous finite dimensional Q p -representations of π 1 (X). There are two compatible equivalences of categories . He showed that a representation that has finite local monodromy along the generic points of "boundary divisors" is potentially unramified, see ibid. for the precise definition. We will not use this result in this article.
We will introduce a condition on Frobenius eigenvalues. For any closed point x ∈ X, using ρ, we shall consider the eigenvalues and the characteristic polynomial of the geometric Frobenius at x. These Frobenius eigenvalues can be identified (up to normalization) with those of the overconvergent F -isocrystal M .
Definition 2.1. Let M be an object of F -Overconv(X/Q p )
• . (1) Suppose M is irreducible with finite determinant. Any Frobenius eigenvalue is known to be an algebraic number by [Abe13] . We say that M is absolutely unit-root if ι(λ) is a p-adic unit for any Frobenius eigenvalue λ and any ring homomorphism ι :
Note that any Frobenius eigenvalue λ is a p-adic unit for a unit-root F -isocrystal. The following example suggested by Drinfeld gives a unit-root F -isocrystal that is not absolutely unit-root.
Example 2.2. We consider Hilbert-Blumenthal modular varieties and their stratifications as in [Gor01] . Let L be a totally real field of degree d > 1 over Q with the ring O L of integers, and suppose p splits completely in L and is prime to the discriminant of L. For an integer n ≥ 3 prime to p, let M n L be a fine moduli scheme over F p of Hilbert-Blumenthal abelian schemes with real multiplication by O L and full level n structure. (There is a condition on polarizations, but we will not recall it here.) It is smooth of dimension d.
We denote by D the overconvergent F -isocrystal (or contravariant crystalline Dieudonné module) of the universal abelian scheme over Finally, we shall explain the relation between Proposition 1.1 and Theorem 1.2. Suppose M satisfies one of the assumptions in Theorem 1.2. Since the category of potentially unramified representations is closed under subobjects and quotients, we see that ρ satisfies a similar assumption for M . Therefore, Theorem 1.2 for M is equivalent to the corresponding statement for ρ, hence generalizes Proposition 1.1.
The proof of Proposition 1.1
In this section, X is a geometrically connected projective smooth curve over F q .
Lemma 3.1. If Proposition 1.1 holds for any semisimple absolutely unit-root ρ, it holds for any ρ satisfying the assumption of Proposition 1.1.
Proof. Take an indecomposable Q p -representation ρ of π 1 (X) as in the statement of Proposition 1.1. By the assumption, any irreducible constitute becomes trivial as a representation of π 1 (X) after a finite covering of X, and we may assume all irreducible constitutes are trivial.
We will show that the action of π 1 (X) on such a ρ factors through G Fq . By induction, it suffices to show this statement when dim ρ = 2. Then, ρ is an extension of the trivial character by itself, and is classified by H 1 (π 1 (X), Q p ) = Hom(π 1 (X), Q p ). By the class field theory, any element in Hom(π 1 (X), Q p ) factors through G Fq . This means it comes from H 1 (G Fq , Q p ) and the corresponding extension comes from a representation of G Fq .
It suffices to show Proposition 1.1 for an irreducible absolutely unit-root Q prepresentation ρ. As in Section 2, ρ corresponds to an absolutely unit-root overconvergent F -isocrystal M with Q p -structure. Since this correspondence is the equivalence of categories, irreducibility is preserved. In fact, M is irreducible in the category F -Overconv(X/Q p ) of (not necessary unit-root) overconvergent Fisocrystals with Q p -structure as unit-root condition is closed under subquotients.
The first key fact, which is a p-adic version of Delinge's conjecture [Del80, Conjecture 1.2.10 (ii)], is a consequence of the p-adic version of the Langlands correspondence established by T. Abe [Abe13] following Drinfeld-Lafforgue's strategy.
Theorem 3.2 ([Abe13]
). For any irreducible object of F -Overconv(X/Q p ) with finite determinant, there exists a finite extension E of Q inside Q p such that, for any closed point x ∈ X, the characteristic polynomial of Frobenius at x has coefficients in E. Our M may not satisfy the assumption of Theorem 3.2, but after twisting [Abe11, 6.1 Lemma.
(ii)] we may assume that the determinant of M is of finite order, and we can apply Theorem 3.2.
The second ingredient is:
Proposition 3.3. Let ρ be an irreducible object ρ of Rep Q p (π 1 (X)) with finite determinant. If ρ is absolutely unit-root, any Frobenius eigenvalue is a root of unity.
Proof. As before, we write M for the corresponding overconvergent unit-root Fisocrystal. Given a Frobenius eigenvalue of M , take a finite extension E ′ of E containing it. By [Abe13] and [Laf02, Théorème VII.6.(ii)-(iii)], any Frobenius eigenvalue has the complex absolute values 1, and is a v-adic unit for any finite place v of E ′ prime to p. (Roughly speaking, Lafforgue constructed a pure motive corresponding to ρ. Given such a pure motive, these results on Frobenius eigenvalues follow from the theory of weights [Del80] or its p-adic counterpart ( [Ked06] and [AC] ).)
Since M is absolutely unit-root, it is also a v-adic unit for any v above p. Such a number must be a root of unity.
Finally, we explain how to combine Theorem 3.2 and Proposition 3.3 to prove Proposition 1.1. Since the degree of the characteristic polynomial of Frobenius is fixed and independent of x, Theorem 3.2 and Proposition 3.3 imply that there are only finitely many possibilities for the characteristic polynomial of Frobenius. Since the action is continuous, using the Chebotarev density, we see that there are also only finitely many possibilities for the characteristic polynomial of any element in π 1 (X). Therefore, again by continuity, there is an open normal subgroup H of π 1 (X) acting unipotently. Since ρ is irreducible and H is normal, its restriction to H is semisimple, hence trivial.
Remark 3.4. If the number field E is equal to Q, absolutely unit-root assumption is automatically satisfied.
Example 3.5. For a general absolutely unit-root ρ not satisfying the assumption of Proposition 1.1, Proposition 1.1 is false. For example, let T p = lim ← − J(F q )[p n ] be the maximalétale quotient of p-adic Tate module of the Jacobian J of X. It is a representation of G Fq and known to be semisimple after inverting p. Via the surjection π 1 (X) → G Fq , we regard it as a representation of π 1 (X), which is absolutely unit-root. Assuming J is not supersingular, we will make a counterexample as an extension of the trivial character by T p ⊗ Q, i.e., its geometric monodromy is not finite. Via the Kummer sequence,
On the other hand, we have the following map
By taking the limit, we obtain J(X) → H 1 (π 1 (X), T p ). Suppose q is large enough so that X has an F q -rational point x 0 . It induces a nonconstant map f : X → J sending x 0 to 0. We prove that the image of f in
is nonzero and gives a desired counterexample.
Since the action of π 1 (X Fq ) is trivial on T p ,
Then the image of f in Hom(T p , T p ) can be identified with the identity. This implies the desired claim.
4. The proof of Theorem 1.2
As explained in Section 2, let ρ be a potentially unramified Q p -representation of π 1 (X) corresponding to M . We will prove the corresponding statement for ρ.
Note that we can shrink X if necessary. Then, by de Jong's alteration [dJ96, 4.1 Theorem], we can take a connected finiteétale covering Y of X with an open dense immersion into a projective smooth variety Y . Since ρ is potentially unramified [Ked11, Theorem 2.3.7], after passing to another connected finiteétale covering if necessary, ρ factors through π 1 (Y ).
First, we treat the case M is semisimple. So, ρ is also semisimple. As semisimplicity is preserved by finiteétale coverings, ρ is also semisimple as a representation of π 1 (Y ). By the Bertini theorem and the Lefschetz-type theorem for π 1 [SGA1, Exposé X, Lemma 2.10], after a finite base extension 3 , one can find a geometrically connected projective smooth curve C inside Y inducing a surjection π 1 (C) → π 1 (Y ). So, the isotriviality of M follows from the curve case, i.e., Proposition 1.1.
Next, assume M is irreducible and its determinant is of finite order. Then, for some connected finite Galois covering Z of X, π 1 (Z Fq ) acts trivially on ρ. In particular, ρ is the direct sum of characters of π 1 (Z). Let χ be such a character of π 1 (Z). Note that χ is also trivial on π 1 (Z Fq ). By a usual Clifford description of the restriction of an irreducible representation to a normal subgroup of finite index, such characters are related to each other by conjugation of elements of π 1 (X). Namely, any such character has the form of g → χ(hgh −1 ) with g ∈ π 1 (Z) and h ∈ π 1 (X). In fact, as χ is trivial on π 1 (Z F q ), this implies that the all these characters are equal to χ. Since the product of all these characters is of finite order by the assumption, χ is finite. Therefore, the action of π 1 (X) on ρ factors through a finite quotient.
Finally, assume that the determinant of any irreducible constitute of M is of finite order. We may assume that any irreducible constitute is trivial. As in the beginning of the proof, we can find a finiteétale covering Y of X with a smooth compactification Y such that ρ becomes a representation of π 1 (Y ). So, we can assume X is a geometrically connected projective smooth variety. Then, by [KL81, Theorem 2], the kernel of π 1 (X) ab → G ab Fq is finite. Using this finiteness, one can see that the action of π 1 (X) on ρ factors through G Fq as in the proof of Lemma 3.1.
Remark 4.1. Let ℓ be a prime different from p and F an irreducible Q ℓ -local system on a (connected) normal scheme of finite type over F q whose determinant is of finite order. Then, any Frobenius eigenvalue is an algebraic number ([Laf02, Théorèm VII.7.(i)] and [Del12, 1.5-9]).
Our proof of the theorem can be modified to show that, if all the Frobenius eigenvalues of F are p-adic units, then F becomes trivial after passing to a finité etale covering. In the smooth curve case, the same argument works even when it is not proper. The reduction to the curve case is done by [Del12, 1. This also shows the existence of crystalline companions [Abe13] in this particular case. Note that it is not known in full generality if dim X > 1, though one expects a p-adic version of [Dri12] if X is smooth.
